We present a detailed analysis of the orbital circular motion of electrically neutral test particles on the equatorial plane of the Kerr-Newman spacetime. Many details of the motion in the cases of black hole and naked singularity sources are pointed out. We identify four different types of orbital regions, which depend on the properties of the orbital angular momentum, and define four different kinds of naked singularities, according to the values of the charge-to-mass ratio of the source. It is shown that the presence of a particular type of counter-rotating test particles is sufficient to uniquely identify naked singularities. It is pointed out that the structure of the stability regions can be used to differentiate between black holes and naked singularities.
I. INTRODUCTION
The Kerr-Newman (KN) spacetime is an exact solution of the Einstein-Maxwell equations that describes the exterior gravitational and electromagnetic fields of a rotating charged source with mass M , angular momentum J and electric charge Q. In Boyer-Lindquist coordinates, the KN line element can be written as
where we used geometrized units with G = 1 = c, and
and Σ = r 2 + a 2 cos 2 θ.
The parameter a stands for the angular momentum per unit mass, as measured by a distant observer. The corresponding electromagnetic vector potential
depends on the charge Q and the specific angular momentum a. It then follows that the magnetic field is generated by the rotation of the charge distribution. The limiting cases of the KN metric are the Kerr metric for Q = 0, the Schwarzschild metric which is recovered for a = Q = 0, the Reissner-Nordström (RN) spacetime for a = 0, and the Minkowski metric of special relativity for a = Q = M = 0. The KN spacetime is asymptotically flat and free of curvature singularities outside a region situated very close to the origin of coordinates.
Several critical points characterize the geometric and physical properties of this spacetime. In particular, the function ∆ vanishes at the radii
which are real only if the condition M 2 ≥ Q 2 + a 2 is satisfied. In this case, r + and r − represent the radius of the outer and inner horizon, respectively, and the KN solution is interpreted as describing the exterior field of a rotating charged black hole (BH). In the case M 2 < a 2 + Q 2 , no zeros of ∆ exist and the gravitational field corresponds to that of a naked ring singularity situated at r 2 + a 2 cos 2 θ = 0.
The norm of the timelike Killing vector field ξ α t = δ α t for the KN metric in Boyer-Lindquist coordinates (1) reads
Then, the norm is positive in the region where
or r − < r < r + with r ± ≡ M ± M 2 − Q 2 − a 2 cos 2 θ
where M 2 − Q 2 − a 2 cos 2 θ ≥ 0 is satisfied. In particular, for a black hole it is r + < r < r + a region which is known as the ergosphere. In the regions where ξ t becomes spacelike, the coordinate t cannot be used as a time coordinate and the analysis of the physical properties of this spacetime requires a different approach.
The extrema of g tt are located in
which is a function of the parameters a and Q, and the coordinate θ. At these radii we find that
so that g tt has a maximum at r = r * + . The limiting cases of these radii are of interest. When a = 0 (Reissner-Nordström spacetime) we have
, r * − = 0, g tt (r *
For a Kerr spacetime, Q = 0, we have that
In this work, we will perform a detailed analysis of the motion of test particles along circular orbits on the equatorial plane of the KN spacetime. Since test particles moving along circular orbits are particularly appropriate to measure the effects generated by naked singularities, we will focus on the study of the physical differences between a black hole and a naked singularity; see also [1] [2] [3] and for further applications [4, 5] . Although most known astrophysical compact objects possess only a small net charge or no charge at all, the study of the KN spacetime is important from the conceptual and theoretical points of view. The KN is probably the most important exact solution of the EinsteinMaxwell equations and, therefore, represents an ideal framework to study the interaction between the electromagnetic field and the gravitoelectric and gravitomagnetic components of gravity. Moreover, the detailed study of an exact solution usually sheds light on the extent of applicability of the solution and the theory itself. In this work, we study the KN solution from the point of view of the neutral circular motion, and compare our results with those obtained in the RN and Kerr spacetimes. To this end, the spin and charge are gradually changed between the limiting cases of a/M = 0, Q/M = 0 and the KN case. We first fix the charge-to-mass ratio and let the spin change from zero to the black hole and the naked singularity regime. Then, we fix the spin and let the charge change, comparing the naked singularity and black hole spacetime properties.
This work follows a series of papers [6] [7] [8] in which we showed the presence of a typical band structure, i.e., disconnected regions of stable orbits for the spacetimes generated by Kerr and RN naked singularities. This structure is absent in the case of black holes. It was also found that there exist two types of singularities that affect the properties of the orbits and their stability. We generalize here those works considering a field source with charge and intrinsic angular momentum.
The plan of this paper is the following: In Sec. II, we introduce the effective potential for a neutral test particle moving along a circular orbit on the equatorial plane, and we set the main notations to be used in this work. In Sec. III, we explore the motion in the spacetime of a KN black hole while the case of a naked singularity is explored in Sec. IV. Section V summarizes the main results and compare the two cases. Finally, the conclusions in Sec. VI close this article.
II. CIRCULAR ORBITS
We consider the circular motion of a test particle of mass µ in the background represented by the KN metric (1). We limit ourselves to the case of orbits situated on the equatorial plane. We adopt the effective potential approach to the study of the test particle dynamics. The test particle motion is therefore described as the one-dimensional motion of a classical particle in the effective potential V (r). In the case of equatorial geodesics (θ = π/2), one obtains the effective potential [9] 
where
B ≡ −2aL r 2 + a 2 − ∆ ,
Here L = µg αβ ξ α φ u β is a constant of motion associated with the angular momentum of the test particle with mass µ and 4-velocity u β . The Killing vector ξ φ = ∂ φ represents the axial symmetry of the rotating source. The additional Killing vector ξ t = ∂ t is timelike and represents the stationarity of the field configuration. It also generates a constant of motion E = −µg αβ ξ α t u β which is associated with the total energy of the test particle, as measured by a static observer at infinity.
Notice that the effective potential (14) was obtained originally as the solution of a quadratic algebraic equation so that the solution
is also allowed. Nevertheless, this solution does not need to be analyzed separately, because its properties can be obtained from V by using the symmetry
. Circular orbits are given by the simultaneous solutions of the equations
The potential (14) is quadratic in the charge Q. We therefore will limit ourselves to the study of the case Q > 0. Moreover, the effective potential is invariant under a simultaneous change of the sign of a and L. Consequently, without lost of generality, we can restrict the analysis to the case a > 0, and will differentiate between corotating particles with L > 0 and counter-rotating particles with L < 0.
To perform a detailed analysis of the effective potential of a naked singularity with a 2 + Q 2 > M 2 , we will consider the cases
otherwise M > a > a s , and
For a discussion of the motion in a KN spacetime see [10] [11] [12] [13] [14] [15] [16] [17] [18] and also [19] [20] [21] . We introduce also the radii r RN ± ≡ r ± (a = 0) = M ± M 2 − Q 2 for the horizons of the Reissner-Nordström black hole, and r K ± ≡ r ± (Q = 0) = M ± √ M 2 − a 2 for the horizons of the Kerr black hole, respectively. Notice that r RN ± coincides with the ergosphere boundaries r ± on the equatorial plane θ = π/2. On this plane the ergosphere is completely independent from the source spin. In particular, for a KN naked singularity there is a change of sign in the time-time component of the metric tensor (and in the norm of the timelike Killing vector) inside the region [r − , r + ], for a ≤ M and Q s < Q < M and a > M with Q < M .
A. Circular motion around black holes and naked singularities
In this section, we introduce the basic equations of the circular motion in the KN spacetime, we fix the main notations and introduce the most important quantities that are relevant for the characterization of the motion both in the black hole and in the naked singularity case.
In order to explore the circular motion around black holes and naked singularities, we first study the condition V = 0. Thus, we analyze the equations for the circular motion
and solve them with respect to the angular momentum of the test particle. We obtain that the general solution corresponds to L = ±L ± , where
The evaluation of the corresponding energies leads to
Now, the main point is to find the regions in the space of the radial coordinate and parameters {r/M, Q/M, a/M } where the solutions for the angular momentum and the energy are well defined. For instance, in Fig. 1 , we show the behavior of the particle angular momentum and energy in the case a = 1.1M for different values of the naked singularity charge Q. In Fig. 2 , we present the numerical results for the case a = 2M and different values of the naked singularity charge Q. First, we study the orbital regions in which circular motion occurs, that is, where solutions of Eq. (23) for L exist. These regions have as boundaries the solutions of Ψ = 0 or explicitly
The solutions of Eq. (29) are the radii where
The study of the regions confined by these radii will be the key point to analyze the circular orbits of neutral particles in a KN naked singularity and to distinguish this case from the black hole one. We see that in general there are four possible different radii and all of them depend on the value of the parameters M , Q and a that characterize the rotating source. For a given value of the source parameters not all the solutions lead to real and positive radii so that many different cases can arise. For a better presentation of the results it is convenient to introduce the notation
The behavior of these radii is illustrated in Fig. (3) . Notice that in general r 1 < r 2 < r 3 < r 4 . The existence of the surfaces is studied in detail in Fig. 4 . The shaded regions contain all the points at which Eq. (29) does not possess real positive solutions. In the light gray regions of Fig. 4 , four solutions exist, and in the white regions only certain radii, as indicated in the plots. Thus, to analyze these regions in detail, it is convenient to introduce the following charges The radii r1 (black surface), r2 (white surface), r3 (gray, black-shaded, surface), and r4 (black, white-shaded surface) plotted as functions of Q/M ∈ (0, 2) and a/M ∈ (0, 2); it is r1 < r2 < r3 < r4. Center: Surfaces (r1, r2, r3, r4) in the the region Q/M ∈ {0, 1.1}, a/M ∈ {0, 1}, r/M ∈ {0, 4}. The black region represents r < r+, where r+ is the outer horizon of the black hole. Right: The region Q/M ∈ {1, 1.07}, a/M ∈ {0, .251}, r/M ∈ {1, 2.35683} corresponds to the case of a naked singularity. (29) is satisfied for r = r 3 and r = r 4 , and in the light gray regions, it is satisfied for r = r 1 , r = r 2 , r = r 3 and r = r 4 . In particular, for Q = 0 and a = 0 the solution is r = 3M , for 0 < a < M it is r = r 2 , r = r 3 and r = r 4 . For a = M it is r = M and r = 4M , finally for a > M it is r = r 3 = r 4 .
and the following spin parameter
which guarantees that ς in Eq. (30) is real. Alternatively, it is also possible to investigate the solutions of the equation Ψ = 0 in terms of the source charge as a function of (a, r). In this way we will have a different view of the regions of existence of circular orbits. Thus, the solution of Ψ = 0 is
The corresponding surfaces are studied in detail the left plot of Figs. 5, which also includes the regions where these charges exist. It is convenient to introduce the following spin parameter
and the radii 
were introduced in [7] , with a different notation, in order to study the existence of circular orbits in the Kerr spacetime. In (29) is satisfied for a = a i . The plot is therefore divided in the regions: 0 < r < M , M < r ≤ 3M , r > 3M . In particular, at r = M and Q = 1, a solution exists for a ≥ 0. The dotted-dashed line is Q = M , the dashed line is r = M and the dotted line is r = 3M . Right: The black hole angular momentum a i is plotted as a function of r/M , and the charge-to-mass ratio Q/M of the black hole. The outer horizon plane r + (gray) is also plotted. The black region is r < r + . The curve r = r + γ (black thick) is also plotted.
where we used the definitions
and
and with Q * /M ≡ r/M (that corresponds to the definition r * = Q 2 /M ). The radii (r ± γ , r * ), introduced in [6] , characterize the dynamics around a Reissner-Nordström naked singularity (Q/M > 1) where the following inequality holds r * < r − γ < r + γ , and r ± γ are the radii at which the value of the angular momentum and the energy of the test particle diverge. At the classical radius r * circular orbits exist with "zero" angular momentum. This means that a static observer situated at infinity would interpret this situation as a test particle that remains motionless as time passes. This phenomena can take place only in the case of a naked singularity and is interpreted as a consequence of the "repulsive" force generated by the charge distribution. It is interesting to note that these radii have an important role even in the presence of a non zero source spin. In particular, it turns out that from Eq. (24) the orbital angular momentum L is defined when Π ≥ 0, and from Eq. (26) we recover r ≥ r * , at r = r * it is
, which is in fact zero in the Reissner-Nordström case. In Fig. 6 , we plot the behavior of these radii as functions of the ratio Q/M and a/M . Now, for the existence of solutions of the Eq. (23) it is however necessary to demand that the solution (24) be real. Therefore, we study the solutions of the equation
which will be denoted byr (see Fig. 7 ). But in general we can also find the regions of circular motion by fixing the value of the source angular momentum a and plotting the ratio Q/M in terms of the radial coordinate. Thus, we can also express the solution of Eq. (43) in terms of the charge Q c
In this case, it is convenient to introduce the charge
which is the solution of the equation ∆ = 0, and the radius r x which represents the real solutions of Eq. (43) 
This radius is plotted in Fig. 7 for different values of the ratio a/M . Notice in particular that r x does not depend on the source charge but only on its angular momentum.
III. BLACK HOLES
In this section, we study the Kerr-Newman black hole case, considering the constraint δ ≥ 0, where the solutions given in Eq. (24) . There are zones in which two kinds of orbits, characterized by two different angular momentum, but same orbital radius, are possible. In particular, it is possible to show that there are no circular orbits in the KN black hole spacetime with zero angular momentum, i. e., there are no solutions of the following equations
However, one can see that V (r, Q, a, L = 0) > 0 in the region r > r + ; this means that for particle with an "angular momentum" L = 0 the effective potential monotonically increases as the outer regions of spacetime are approached. But before we deal with the general case a = 0 and Q = 0, it is useful to summarize briefly the known outcomes for the two limiting cases of Kerr (Q = 0) and RN (a = 0) spacetimes. We refer for details to the extensive literature on the subject and to the aforementioned works [6] [7] [8] . In fact, we will see that the source spin and the charge deform the regions of circular motion and the stability properties of a RN and Kerr spacetime, respectively. To discuss the dynamics of a black hole spacetime, it is convenient to introduce here the following radius
We notice that r 
Moreover, following the notation of [7] , we define the radius r a ≡ r 4 (Q = 0), i. e.,
Tables I and II show the case Q = 0 from two different points of view. This differentiation in the presentation of the orbital regions is important for the study of the stability problem also in the general case of a KN spacetime. In Table I , we consider different values for the source angular momentum a, ranging from the Schwarzschild black hole, a = 0, to the extreme Kerr black hole with a = M . Each range is then divided in various spatial regions, each of which is characterized by a particular value of the orbital angular momentum L of the test particle.
In Table II , we present an alternative classification of the circular orbits. The radial coordinate is split into various regions that range from r = M to r → ∞. It turns out that the radii r = 3M and r = 4M are of particular interest because they determine spatial boundaries in which the value of the orbital angular momentum L drastically depends on the source angular momentum a. In each spatial region, we present the type of allowed circular orbits (rotating and counter-rotating) with the corresponding value of the angular momentum of the test particle (L ± ). More details about this classification can be found in [6, 7] . Finally, in the limiting case of a RN black hole (a = 0), one can see that circular orbits with L = ±L − are allowed only in the region outside the radius r + γ . The main question now is to determine how the electric charge of the gravitational source will affect this classification. Since the charge generates its own gravitational field, it is expected that its presence will modify the spatial regions as well as the ranges of the source angular momentum in which circular motion can take place. Case: Case:
A. Orbital regions around a KN black hole
We give here a description of circular orbits with L = 0 around a KN black hole from the outer horizon r + to infinity. Since it is always r + > M , in order to simplify the exploration of the dynamics in the region r > r + , we approach the more general problem of finding the extremes of the effective potential in the larger region r > M with the constraints 0 ≤ a ≤ a s and 0 ≤ Q ≤ M . The results of this analysis are summarized in Tables III and IV. Notice that the spin parameter a = a s plays an important role for the definition of the different ranges of Table. III, because for Q > M a black hole case occurs if the source spin satisfies the condition a ≤ a s . We point out that there are two different orbital regions, namely, the region I, with L = L − , and the region II, with L = (L − , −L + ). Table III shows the allowed angular momenta of the test particle (L), depending on the the values of source spin (a), for fixed ranges of the charge Q/M and different orbital regions defined by r/M . We also include in this table the particular case of an extreme RN black hole, Q = M and a = 0. This is a generalization of the Table II for the case Q = 0. We can see that the regions in which circular motion is allowed do not differ qualitatively from the configuration shown in Tab. II for the case Q = 0 in which the limits r + γ = 3M and r + d = 4M hold. We conclude that the introduction of a source charge does not change qualitatively the structure of the orbital regions, but only their extensions, i.e., the boundaries become modified as shown in Table III .
The extensions of the orbital regions I and II will depend depend on a/M and Q/M but, at least for the characteristic values of black hole spacetimes, we do not see the appearance of an additional type of orbit. For example, there are no counter-rotating orbits with L = −L − in r > r + as in the limiting case a = 0.
TABLE III: Description of the circular orbits for a test particle in a Kerr-Newman black hole with 0 < Q ≤ M , in the region r > M .
The orbital angular momentum is given for each region. This is a generalization of Table II to the case Q = 0.
The results presented in Table III are illustrated in Figs. 9 and 10. On the other hand, Table IV shows, for different intervals of the specific charge Q/M , the regions of existence of circular orbits for different ranges of the source spin a. For this analysis, it is convenient to define the following angular momentum parameters TABLE IV: Description of the circular orbits for a test particle in a Kerr-Newman black hole with 0 ≤ Q ≤ M , in the region r > M . The orbital angular momentum is given for different values of the black hole spin a/M . This is a generalization of Table I to the case Q = 0.
which determine the boundaries of the different regions. In the limiting caseã + =ã − , these regions reduce and very particular orbits appear which are studied in detail in Appendix A. The orbital region boundaries are determined by the radii r Finally, we notice that in Figs. 9 and 10 we have represented the entire orbital range r > 0, although for the study of circular orbits we are restricting ourselves to the physical region outside the outer horizon r > r + . Nevertheless, it is interesting to mention that, according to Figs. 9 and 10, there exist circular orbits with L = −L − in the region r < r − . The study of this motion inside the inner horizon is outside the scope of the present work.
B. Stability of circular orbits
The radius of the last stable circular orbit for a neutral particle orbiting on the equatorial plane of a KN black hole is defined as the solution of the following equations:
Stable (unstable) orbits are characterized by the condition V (r lsco ) > 0 (V (r lsco ) < 0). In Fig. 11 , we plot r lsco as a function of the intrinsic angular momentum a and the charge Q. We note that the radius r lsco is given as a surface that has as a limiting case the planes identified by the radii r RN lsco , the last stable orbit for a = 0, and r K∓ lsco , the last stable orbit for Q = 0. The exact expressions for these radii were given in [7] and [6] , respectively. We can see from 
In particular, if a = 0, we obtain that 4M ≤ r lsco ≤ 6M and if 0 < a < M , then the last stable orbit in the spacetime of a KN black hole is located within the bounded region r β ≤ r lsco ≤ 6M where
This behavior is depicted in Fig. 11 . It is interesting to mention the identity r β = r RN lsco (Q = a s ), which means that at the boundary r β the effective intrinsic angular momentum 1 − (a/M ) 2 plays the role of the specific charge Q/M . Moreover, for the particular value a = 0.430075M we obtain that r β = r K− lsco . See Fig. 11 . Finally, for a = 0 and Q = 0 we have that r lsco = 6M .
In particular, we note that E(−L + ) > E(L − ) in the regions where both of them are allowed. As a function of the radial coordinate, the energy of circular orbits shows points of minimum values, i.e., stable orbits. There are also radii (r 3 and r 4 ) at which the energy necessary for a test particle to remain in orbit around the source becomes infinite. This kind of circular orbits is also found in the RN and Kerr spacetimes.
The stability of these orbits can be studied by comparison with the Kerr black hole case. In Fig. 12 , the results are shown for black holes with different charges. Following [7] , we define two different radii for the last stable circular orbits as follows
for the orbits with angular momentum L = −L + and L = L − , respectively. We now compare the general configuration for different values of Q/M = 0 with the configuration in the case of a Kerr black hole (Q = 0). We show in Fig. 12 that for a KN black hole the orbital regions of stability are qualitatively similar to those of a Kerr black hole [7] . The main feature is that if the charge-to-mass ratio increases, for fixed black hole spin a/M , the radius of the last stable circular orbit r ± lsco decreases. In particular, the plots of Fig. 12 show that, for fixed a/M and for different values of Q/M , the stability regions bounded by r lsco (−L + ) and r lsco (L − ) are connected regions. This is the main result of this section and it will be important when comparing with the case of naked singularities. We can clarify the arrangement of the stability regions in a schematic way: In the region r + < r < r lsco (L − ) all orbits are unstable, in the region r lsco (L − ) < r < r lsco (−L + ) the orbits with L − are stable while the orbits with L = −L + are unstable, and finally in the region r > r lsco (−L + ) all orbits are stable. This scheme does not change significantly when the parameters Q/M and a/M are changed; however, we note that the radius r lsco (L − ) can lie on the right of the region I so that all the orbits with L = L − are unstable. This occurs for values of a/M sufficiently small. As a/M increases, the radius r lsco (L − ) becomes smaller and approaches the horizon, reducing in this way the regions of instability for the orbits L = L − which belong to both the I and II regions (see Fig. 12-left) . Furthermore, the radius r lsco (L − ) splits the region I into two different stability zones: Orbits with r > r lsco (L − ) are stable whereas orbits with r < r lsco (L − ) are instable (see Fig. 12 -Right).
IV. NAKED SINGULARITIES A. Orbits with zero angular momentum
In this section, we start the study of the motion around a KN naked singularity. We will focus first on the "orbits" that are solutions of the following equations
Note that real solutions can exist only in the case of naked singularities. This particular type of circular motion can occur in many axially symmetric spacetimes, and has been investigated in detail for neutral and charged test particles in the RN and Kerr spacetimes in [6] [7] [8] . In the RN spacetime, this particular orbit was interpreted as corresponding to a particle located at rest at r = r * = Q 2 /M with respect to static observers located at infinity. The radius r * ≡ Q 2 /M coincides with the value of the classical radius of an electric charge, which is usually obtained by using a completely different approach (see also [22] [23] [24] ). In general, the motion defined by the conditions 57, is governed only by the gravitational component of the effective potential (and the electromagnetic interaction in the case of charged particles), with a zero centrifugal force. Therefore, if a configuration with L = 0 is possible, it should be the result of a balance of forces. Thus, this fact can be interpreted in terms of repulsive gravity effects. It is then important to note that these limiting conditions can exist only in the case of naked singularities, even for a = 0 or Q = 0. This means that the "repulsive component" of the effective mass in the case of a Kerr naked singularity is guaranteed by the so-called "spin-charge" of the source. The presence of both charges in the KN spacetime, in Eq. 14, makes this effect to become more complex due to the combination of these two components. For more details about the repulsive gravitation effects in naked singularities, see also [25] .
The solutions of Eq. 57 are listed in Table V and plotted in Fig. 7 -Left from which it is possible to see that for Case:
Q > M there always exists at least one "circular orbit" radius characterized by the conditions given in Eq. 57 for a > a s , and in the case of a RN naked singularity; thus, when a = 0 and Q > M , it is r = r * ≡ Q 2 /M . For Q = 0, "circular orbits" defined by Eq. 57 exist only in a closed interval a/M ∈ [1, 3 √ 3/4]. A numerical analysis shows that the orbital regions in the plane (a, r) are bounded by the intrinsic spins a 1 , a 2 whose exact form can be found in Appendix B.
Moreover, for Q/M < √ 5/4 there are several radii satisfying the conditions 57. This is a feature of the Kerr naked singularity, Q = 0, as well as of the KN singularity. However, in the KN case the situation is much more complex, and the possibility appears to have three radii (r 1 ,r 2 ,r 3 ), but only in the range a < a 2 . In Figs. 13 we show some specific examples of these cases. This analysis is also useful to show that eventually a minimum appears, at which these peculiar conditions are satisfied, that corresponds to the interesting case of particle at rest (L = 0) on a stability point.
FIG. 13:
The effective potential V /µ for a neutral test particle with angular momentum L = 0 in the field of a Kerr-Newman naked singularity with different values of Q/M and a/M . See also Table V. We also plot the radiir 1 ,r 2 andr 3 (dashed gray line).
B. Circular motion and stability problem
In this section, we focus on general circular motion with L = 0. First, it turns out to be convenient to analyze separately the case Q > M , in which the spacetime metric has a singularity not covered by the horizon for any value of the spin a/M , and the case Q ≤ M , in which the source spin must comply with the naked singularity constraint a > a s . In order to simplify the discussion it is useful to analyze first the case Q > √ 3M; in fact from Figs. 14 and Figs. 22 -which will be discussed below -we expect for Q ≥ √ 3M a forbidden region only for r < r * , and only three orbital regions namely (we use a classification similar to that introduced in Sec. III): region I characterized by
The characterization of circular motion for these values of charge-to-mass ratios is considerably more complex and, therefore, requires a different approach.
Thus for Q > √ 3M and 0 < a < a T circular orbits exist within the interval r * < r ≤r. The explicit value of r depends on the ratios a/M and Q/M (see Fig. 14) . It can be shown that in this interval, the orbital angular momentum is L = −L ± . On the other hand, for r >r there exist circular orbits with both L = L − and L = −L + . For sufficiently large values of Q/M , all these circular orbits are stable. The last stable circular orbit (r lsco ) is, therefore, located at r = r * , where the particle angular momentum and the energy are
respectively. Note that this was exactly the case for a = 0, in which for Q/M > √ 5/2 all the orbits with r > r * were stable, while for lower values of Q/M we had a closed region of instability. The energy is always positive and independent of the value of the intrinsic angular momentum of the gravitational source; it approaches the value E * → µ for large values of Q (see Figs. 14) .
For a > a T circular orbits exist at r = r * with angular momentum and energy as given in Eq. (58) . For the remaining radial distances there are several possibilities. In fact, in the interval r * < r ≤r, the orbits have L = −L ± , inr < r < r 3 the orbital angular momentum can be either The case Q < √ 3M requires a different analysis because there are some important details in the dynamics around naked singularities that must be emphasized. In Figs. 14, (for Q > M ) and Figs. 15 (for Q < √ 3/2M), we plot the orbital radius in terms of the intrinsic angular momentum a/M for different values of Q/M . For a better presentation, we have "rotated" the figures, plotting the inverse of the function a = a(r), and using the definition a i in Eq. (41) . We want to emphasize that in the plane (r, a), these curves coincide withr so that the correspondence between the results in Table VI and Figs. 14 does not give rise to confusion. Thus the highlighted regions in Figs. 14 are the orbital regions with fixed Q/M for different values of the spin. In all the cases, the region r < r * is forbidden. For Q ≥ √ 3M the situation is rather simple: As one can see in Figs. 14, and it is also shown with details in Table VI , there are three allowed orbital regions which we have denoted as follows:
and III with L = −L ± . Using this classification, we can interpret the results in Table VI as follows: The region III has a finite, bounded spatial extension that reaches a maximum r max at a given value of the spin a max , and then decreases as the spin of the source increases. The values (r max , a max ) depend in general on the source charge-to-mass ratio Q/M . The size of this region increases with increasing Q/M . The regions I and II, instead, have an infinite extension.
The situation for M < Q < √ 3M is much more complex and in addition to the three orbital regions, which characterize the motion in Q ≥ √ 3M , there is now a fourth orbital region IV with L = −L − . The size of the orbital region IV increases as Q/M decreases. Instead, the region III decreases with decreasing Q/M until it disappears in the limit Q = M (see Fig. 14) . The orbital region IV increases until it reaches a maximum and then decreases. The figure highlights the presence of a further type of naked singularity for Q 2 < (9/8)M 2 ; in fact, for Q 2 = (9/8)M 2 , an additional banned orbital zone appears for a < a i and r < r Table VII , we include the different cases.
TABLE VII: Description of the circular orbits for a test particle in a Kerr-Newman spacetime. At r = ry it isã + =ã − . In the naked singularity case for Q < M , it is always a > as. And a i < as in r ∈]r 
Finally for Q < M, and a > a s (condition of existence of a naked singularity with Q < M , Eq. (21), the analysis is schematically summarized in Figs. 15 . Some examples are discussed in Appendix. B. We note that the region IV, with L = −L − , has a very complex structure and, in contrast to the case. M ≤ Q < √ 3M , it not only possesses a maximum at r max , but also a minimum r min that appears as the charge decreases. This situation is illustrated for Q = 1/2M in the central plot of Fig. 15 . We see that, for a suitable range of values of the source angular momentum, as the radial distance increases there appear two disconnected regions of type IV. This situation becomes extreme with decreasing values of Q/M ; for instance, for Q = 1/10M the two regions are completely separated. The outer region, farthest from the singularity, has a finite extension and the inner region, closer to the singularity, has an infinite extension.
The radius at which the region II, with (L − , −L + ), starts, increases as the source charge-to-mass ratio Q/M decreases. This can be interpreted as a consequence of the fact that the effects due to the spin become increasingly predominant as the charge decreases, affecting the properties of the counter-rotating orbits with L = −L + . As a result, circular motion is no more allowed at very close to the central source where the effects of the gravitational stress due to the singularity are expected to be very strong. This effect is corroborated by the fact that a similar behavior is found when the charge remains fixed and the spin of the source is increased.
It is important to notice that once the two parameters (a/M, Q/M ) are fixed within in a suitable interval, the regions where circular orbits are allowed become disconnected. In particular, for Q < M and orbits sufficiently close to the singularity, the regions affected by this phenomenon are of the types IV and I.
As a result of this analysis, we can identify four types of naked singularities according to the charge-to-mass ratio: black holes, find a smooth continuation here in the naked singularity case, as illustrated in Figs. 16 . As a result, for fixed values of Q/M , a finite region of instability appears that splits the plane into two regions of stability. The plots show a disconnected structure that resembles the structures found previously in the case of RN [6] and Kerr [7] naked singularities.
Several features appear in the case of naked singularities. Firstly, there is a new region of exclusively counterrotating orbits (type III) that is practically always stable. Also, in general, the radii of the orbits r lsco intersect now at a point, thereby creating a complex structure which depends on the source spin and charge. The region I, which is closer to the singularity (say at r 5M ), presents the most complex structure so that by varying a/M , we can have regions completely filled with either stable or unstable orbits or also partially filled with stable and unstable orbits. In this regard, for small enough spin (say approximately a < 10M ), the region I splits into two disconnected regions that become larger as a/M decrease, until they become entirely separated by a type IV region (L = −L − ), as illustrated in Figs. 23 . This region appears to be always unstable and is bounded by the curve r lsco (L − ). Then, the region of instability, which increases with increasing a/M , will eventually cover at a = 10M the single type I region, which therefore results in an almost complete island of instability. For sufficiently large values of a/M , the radius r lsco (L − ) > r + . In conclusion, the existence, extent and stability properties of the region I is mainly determined by the spin of the source.
V. BLACK HOLES VS NAKED SINGULARITIES
This section summarizes the main results concerning the circular motion and stability properties obtained for the black hole case in Sec. III and for the naked singularity case in Sec. IV. We show a benchmarking and discuss the key differences between these two cases. We start by considering the extension of the stability analysis performed in Sec. III and illustrated in Figs. 12 to include the naked singularity region. The left plot show the case Q = 0 (Kerr , and r 4 (gray curve) are also plotted. The black region (r < r + ) is forbidden. The value ac, at the crossing point between r 3 and r − lsco , is represented by a dashed line. The gray banned regions correspond to the naked singularity case (NS), the white ones to the black hole case (BH). Right: The last stable circular orbit radius r lsco in the Reissner-Nordström spacetime for a black hole Q ≤ M and a naked singularity Q > M with different charge-to-mass ratios Q/M . spacetime) discussed in Sec. III and extensively studied in [7] . For all values of a/M , the last stable circular orbit r lsco (−L + ) exists, that is, for a naked singularity it is the continuous extension of the radius for the black hole case. On the other hand, the radius r − lsco , the last stable circular orbit in the black hole case with momentum L = L − , does not extend to the values a > M . Then, in accordance with [7] , two additional radii determining the stability of circular motion appear: the radius r lsco (−L − ) for 1 < a/M < 3 √ 3/4 and r lsco (L − ) for a/M > 3 √ 3/4. The introduction of a source charge changes qualitatively the stability pattern. Firstly, the behavior of the two radii with domain only in the naked singularity region drastically depends on the value of Q/M . A similar behavior characterized the case a = 0. Indeed, as shown in the naked singularity case in Sec. III for sufficiently small charge source 1 < Q/M < 9/8, there appears only one r lsco , while in the range 1 < Q/M < 5/2 the curve r lsco changes direction so that for Q/M > 5/2 all allowed orbits are stable.
The stability analysis of the naked singularity case must be carried out in detail for orbital regions near the singularity. We will do this by using the analysis performed in Sec. IV for a naked singularity, by extending the results of Figs. 16 to the black hole case, and by matching Figs. 12-Right and Figs. 16. We will also use all the quantities introduced in Sec. II A. Thus, the analysis will be carried out in parallel in two alternative ways: (1) We reinterpret the analysis in Figs. 17 by studying the function r = r(a): by fixing a particular value of the charge-to-mass ratio, we vary the source spin in order to cover both the black hole and the naked singularity regions. However, it 17 , but with a suitable enlargement of some regions close to the singularity. This is the generalization of the work performed in [7] to include a charge-to-mass ratio. This analysis turns out to be very useful to understand the main difference between the allowed regions for the circular motion around the two sources. (2) In the second analysis, we fix the source spin a/M and vary the charge Q/M to study the orbits r = r(Q). This is a generalization of the case a = 0 of the left plot of Fig. 17 for the RN spacetime. This allows us to determine how the rotation of the source affects the results of the plot. This is the generalization of the work performed in [6] to take into account the spin-to-mass ratio. It turns out also in this case to be convenient to use the inverse function Q = Q(r) in order to explore the details of the orbital regions. This comparative analysis is very important to study in detail the stability properties of the circular motion around black holes and naked singularities.
A. Comparative analysis of the circular motion
We now summarize the results of comparing the properties of circular motion in the entire KN spacetime. It is convenient to confront our results with those obtained for the limiting cases a = 0 and Q = 0, which were presented in [6] [7] [8] , and are here schematically represented in Figs. 17. It was found that black holes and naked singularities are characterized by connected and disconnected regions of stability, respectively. The analysis of the generalization that includes the spin and charge of the source simultaneously is shown in Figs. 18-21 We first consider the analysis of Figs. 18-20. The regions of existence of circular orbits with their orbital moments are marked in white and gray, while the black regions are those in which the motion is not possible. In Fig. 18 , we consider the particular case a = 0.1M and explore the circular orbit properties for both the black hole and naked singularity fields. Notice that from a physical point of view, in the case of black holes, we are interested in the motion outside the outer horizon only, r > r + , which in the plots corresponds to the range
Nevertheless, to understand better the behavior of the relevant radii and for the sake of completeness, we include some plots of spatial regions located very closed to the origin.
In Figs. 19 and 20 , we consider the cases a = 0.8M and a = M , respectively. We see that the location of the regions where circular motion is allowed depends drastically on the value of the ratios a/M and Q/M .
We summarize the analysis in Fig. 21 , where we show the behavior of the orbital radius for increasing values of the source angular momentum. As pointed out in Sec. IV, it is possible to distinguish four different regions where circular motion is allowed with different orbital angular momenta: The region I with We conclude that the structure of the orbital regions around a KN source is very complex in the intervals a < M and r < r M2 .
As seen in Sec. III, an alternative way to study the neutral test particle circular motion in a KN spacetime is to explore the orbital regions, for different values of the ratio a/M , as functions of the radial coordinate. This is particularly suitable in order to compare the results with those of the Kerr spacetime depicted in the left plot of Fig. 17 . In Fig. 22 , we show the behavior of the circular orbits for different values of the charge-to-mass ratio of the source. In this case, fixing the source charge and varying its intrinsic angular momentum, we plot the regions where circular motion occurs and point out the value of the orbital angular momentum associated with each region. The boundaries of the regions are defined by the intrinsic spinã ± and a i . For Q < M there are essentially three types of orbital regions characterized respectively by L = −L − , L = L − , and L = (L − , −L + ). We can see that there are two forbidden regions, the first determined by the conditions r < r * and a < a i for Q 2 /M 2 < 9/8, and the second one by r < r * for Q it extends from a rather small distance from the central source (light gray region). For Q/M small enough, say Q M/2, this region disappears and, as the charge increases, it moves towards areas with higher spin and smaller radii. For Q > M a new orbital region appears, characterized by two different types of counter-rotating orbits with L = −L ± ; this region becomes increasingly larger as the ratio Q > M increases. Finally, we note that the regions with L = −L ± and L = −L − are bounded and extend up to a maximum radius and a maximum angular momentum of the source.
The curve a = a i divides the plot into two regions, the left black one, in which no circular motion is allowed, and the right one, in which orbital motion occurs for a > a i with L = L − and for a < a i with L = (L − , −L + ). As the source spin increases, the left forbidden region first grows to a maximum value of the orbital radius and then begins to decrease. On the other hand, the region with L = (L − , −L + ) (right gray region) covers larger orbital radii as the spin increases, and moves towards the central source as the charge-to-mass ratio decreases.
B. Discussion of the stability problem
In this last section, we will study the influence of the intrinsic angular momentum and charge of the source on the stability properties of test particles, moving along circular orbits around the central source. In Sec. III B and Sec. IV B, we studied the case of a black hole and a naked singularity, respectively. In Fig. 23 , we show a review of the results when both sources are analyzed simultaneously. First, we note the presence of last stable circular orbit radii r lsco for all possible orbits with angular momentum −L + , −L − and L − . The location of r lsco depends on the value of the intrinsic angular moment. The larger is the rotation, the further from the origin is r lsco . This is physically reasonable since the rotation is known to generate its own gravitational field in general relativity. On the other hand, for a fixed value of a/M , as the charge-to-mass ratio increases, the value of r lsco first increases until it reaches a maximum value and then it decreases. We have, in general, that r lsco (L − ) > r lsco (−L + ) > r lsco (−L − ), but this situation becomes significantly more complex with increasing spin and decreasing source charge.
To formulate the main results in a plausible manner, let us imagine an idealized accretion disk made of test particles which are moving along circular orbits on the equatorial plane of a KN spacetime. It then follows that the structure of the accretion disk will be determined by the locations of the radii of the last stable circular orbits. Consider, for instance, in Fig.23 the case a = 0.9M . The radius r lsco (L − ) determines the minimum radius of the idealized accretion disk which in the case of a black hole could be extended, in principle, to infinity, because the stability zone has no upper bound. The situation is different in the case of a naked singularity. The disconnected structure of the stability regions is especially clear for a > M . However, for a = 0.9M , for example, the radius r lsco (−L + ) clearly goes into the NS zone creating a stable (left) orbital region with L = −L + , an unstable region limited by r lsco (−L + ), and a stable region (right) for r > r lsco (−L + ). This situation does not occur in the black hole case. Notice a second unstable region of type L − separated by a stable zone (right) from a −L − region. 
VI. CONCLUSIONS
In this work, we performed a detailed analysis of the behavior of test particles moving along circular orbits on the equatorial plane of the KN spacetime. We use the method based on the investigation of the effective potential from which one can derive the location and the stability properties of the circular orbits. We also analyzed the energy and angular momentum of all possible orbits, and used this information to identify different orbital regions which allow us to find out the differences between black holes and naked singularities. We have identified four orbital regions, namely: region I characterized by
, region III with L = −L ± , and a fourth orbital region IV with L = −L − . The region I contains only co-rotating particles whereas regions III and IV are for counter-rotating particles. It is interesting that region II contains both co-rotating and counter-rotating particles with different orbital angular momentum.
We found that naked singularities can be divided into four classes that depend on the value of the charge-to-mass ratio: NS-I for (Q/M ≥ √ 3) with orbital regions of the type I-II-III, NS-II for (3/(2 √ 2) ≤ Q/M < √ 3) with orbital regions of the type I-II-III-IV and one forbidden region, NS-III for (1 < Q/M < 3/(2 √ 2)) with orbital regions of the type I-II-III-IV and two forbidden regions and NS-IV for (Q/M < 1) with orbital regions of the type I-II-IV. Figure 24 illustrates this classification also for the case of black holes.
We found that from the point of view of the circular motion, there exists always a forbidden area (r < r * ) which is completely inaccessible for test particles. In the case of black holes, the radius r * is situated inside the outer horizon. In the case of naked singularities, it can be considered as a surface that "covers" the singularity itself and prevents it from being studied with orbiting test particles. The value of the radius r * = Q 2 /M does not depend on the source angular momentum so that it is a property of the gravitational field generated only by the electric charge only . It is interesting that the expression for r * coincides with the classical radius of an electric charge Q with mass M which is obtained by applying a completely different approach. In the limiting case of a RN naked singularity, this radius has a very particular significance because it corresponds to particles with vanishing angular momentum (L = 0) [6] . Another interesting result is that only naked singularities allow orbiting test particles of the type III and IV, i.e., counter-rotating particles with L = −L ± . Since black holes can have counter-rotating particles only with L = −L + , it follows that the presence of counter-rotating particles with L = −L − would necessarily imply the existence of KN naked singularities.
In the case of black holes, we have shown that there exists only one stability region for circular orbits whereas naked singularities present two stability regions separated by one zone of instability. This peculiar structure suggests the possibility of distinguishing black holes from naked singularities by investigating the structure of accretion disks around the central source. Indeed, if we imagine an idealized accretion disk made of test particles which are moving along circular orbits on the equatorial plane of a KN spacetime, then in the case of a black hole the accretion disk is continuous whereas in the case of a naked singularity it is discontinuous. It would be interesting to find out if this difference will remain in the case of more realistic accretion disks [26] [27] [28] [29] [30] [31] [32] , and if it could lead to observable effects. This question was also recently analyzed in [33] .
During the past few years, much effort has been made to understand the question about the formation of naked singularities [34] [35] [36] , and about the properties of solutions that describe the gravitational field of such hypothetical compact objects [37] [38] [39] [40] [41] [42] [43] [44] . The present work contributes to this discussion in the sense that it shows the possibility of identifying KN naked singularities by investigating the properties of their accretion disks.
However, there are indications that the rigid structure of the KN solution is not adequate to correctly describe naked singularities. In fact, several studies show that KN singularities are highly unstable configurations [45, 46] that, therefore, cannot exist in Nature. Nevertheless, it is important to emphasize that the stability problem of the KN solution is still a subject under debate. For instance, in [58] the slow-rotation limit of the KN black holes has been addressed recently by using gravito-electromagnetic perturbations. Using a self-consistent calculation of scalar, electromagnetic and gravitational quasi normal modes up to linear order in the spin and arbitrary values of the charge, a fully-consistent stability analysis of the KN is provided. Since none of these modes is unstable, the authors suggest that their calculation provides solid (numerical) evidence for the stability of the KN metric in the non extremal regime, an analysis that, in principle, could be generalized to the naked singularity regime. We conclude that it is important to continue the study of the stability of the KN spacetime. It is also possible to consider more general solutions that generalize the KN spacetime and could describe the gravitational field of compact objects. The first possibility is to consider solutions with quadrupole and higher moments [47] . Since already in the case of a static field with only quadrupole moment, there are many possible solutions [48] [49] [50] [51] [52] [53] [54] and most of them are quite difficult to handle, we propose to use the recently proposed reinterpretation of the Zipoy-Voorhees [55] [56] [57] solution which from the mathematical point of view is the simplest generalization of the Schwarzschild black hole solution with a quadrupole moment. Nevertheless, to understand properly the main features of the solutions with quadrupole it is important to address the limiting cases of the exact KN metric. We expect to investigate this problem in the near future.
